In this paper, we study the Fourier series related to higher-order Bernoulli functions and give new identities for higher-order Bernoulli functions which are derived from the Fourier series of them.
Introduction
As is well known, Bernoulli polynomials are defined by the generating function is given by
where m ≥  and x / ∈ Z (see [, , , , ]). For a positive integer N, we have
For r ∈ N, the higher-order Bernoulli polynomials are defined by the generating function
n ( x ) are functions defined on (-∞, ∞) and periodic with period , which are called Bernoulli functions of order r. In this paper, we study the Fourier series related to higherorder Bernoulli functions and give some new identities for the higher-order Bernoulli functions which are derived from the Fourier series of them.
Fourier series of higher-order Bernoulli functions and their applications
From (.), we note that 
m- () = , and is discontinuous with jump discontinuities at integers for those (r, m) with B
where
Case . Let n = . Then we have
where (x) n = x(x -) · · · (x -n + ), for n ≥ , and (x)  = . Now, we observe that
From (.) and (.), we can derive equation (.):
Before proceeding, we recall the following equations: Therefore, we obtain the following theorem.
for x ∈ (-∞, ∞). Here the convergence is uniform.
Assume next that B 
Thus we obtain the following theorem.
Here the convergence is pointwise,
where B k ( x ) is the Bernoulli function.
. From (.), we note that, for m ≥ ,
Results and discussion
In this paper, we studied the Fourier series expansion of the higher-order Bernoulli functions B It is expected that the Fourier series of the higher-order Bernoulli functions will find some applications in connections with a certain generalization of Dirichlet L-functions and higher-order generalized Bernoulli numbers.
Conclusion
In this paper, we considered the Fourier series expansion of the higher-order Bernoulli functions B 
